We introduce an approach for quantum simulations of open system dynamics in terms of an environment of minimal size. The use of time-dependent control Hamiltonians enables the implementation of a continuous-time simulation, despite the finite environment. We find necessary and sufficient conditions for this Hamiltonian to be well behaved and, when these are not met, we show that there exists an approximate Hamiltonian that is.
Every quantum system inevitably interacts with its environment. As quantum simulations are a key aim of quantum technologies [1] , the question of how open systems can be simulated efficiently on a quantum computer is one which has received significant research interest in recent years [2] [3] [4] [5] [6] [7] . In addition to this, open systems have been shown to be useful for state engineering [8, 9] , and as an alternative model of quantum computation [10] .
The evolution of open quantum systems is described by quantum channels, in much the same way as unitaries describe the evolution of closed systems. These are completely-positive trace-preserving maps which act on quantum states in such a way that probabilities stay well defined [11] [12] [13] . They are often derived by assuming that the system interacts unitarily with an environment, which is then traced out because it is not experimentally accessible. A possible way of simulating open systems is therefore to recreate this system-bath interaction in a controllable manner, called a dilation, and implement the channel directly. However, this is often not feasible due to the infinite size of the environment and the intrinsic difficulty in controlling such a system. Another method is to use Stinespring's theorem [14, 15] , which states that every quantum channel is equivalent to a unitary acting on a larger state followed by tracing out the ancilla, to create a finite dilation. This, however, has the disadvantage of modelling the evolution to a fixed point in time only, rather than replicating the dynamics at all time.
The central idea of this letter is to find, for quantum channels which describe the evolution of a system through time, a finite dilation such that the evolution matches at all times, and is smooth so that it gives rise to a well behaved Hamiltonian. It is known that given two channels which are close by it is possible to find two unitary dilations which are also close by [16] ; we add the stronger constraint of the unitaries varying smoothly for all times. We provide an explicit method for constructing such dilations, and establish precise relations between the continuity and boundedness of the dilation Hamiltonian and properties of the family of quantum channels. We show that it is always possible to find such a Hamiltonian which matches the dynamics arbitrarily well, provided that the quantum channel is analytic in time.
Having such a dilation allows the dynamics of an arbitrary open system to be simulated continuously in time simply by acting on a finite system with a physically sensible Hamiltonian. Furthermore, it provides a model on which open systems can be studied easily as it has a small number of dimensions [17] . We pay particular attention to Markovian channels as they constitute some of the most common types of noise encountered in quantum information [18] . These are the class of channels which are memoryless so that they can be expressed in terms of an equation of motion,ρ = L t (ρ), where L t is a Lindbladian [13, [19] [20] [21] [22] . In this case, we can consider the dilation as turning a Lindbladian on the system into a Hamiltonian on a larger system, rather than acting on the level of quantum channels and unitaries. More generally, we study the usefulness of these dilations in the simulation of open systems, give several explicit examples for common quantum channels, and look at the effect of adding Hamiltonian controls. [15, 23, 24] . Secondly, and for our purposes crucially, it enables us to study the properties of the Hamiltonian by letting us follow the time-dependency of the objects throughout their transformations.
We start with a family of quantum channels, t (·), which is analytic in time. In the case of Markovian channels, these are generated by a Lindbladian according to
where T is the time-ordering operator, but we do not limit ourselves to such cases. The next step is to construct the (unnormalised) Choi state which arises from the Choi-Jamio lkowski isomorphism [15] , and is given by Λ(t) = ( t ⊗ id) |Ω Ω| where |Ω = d i |ii is a maximally entangled state between the system Hilbert's space and its duplicate. This is equivalent to reshuffling the elements of the channel represented as a matrix [25] . This is just a linear transformation, therefore Λ(t) is also analytic in t. As Λ(t) is Hermitian and positive, it can be decomposed into its eigenvalues and eigenvectors, λ k (t) and |v k (t) respectively, where the index k runs from 1 to the Kraus rank of the channel, R, which is upper bounded by d 2 . It is known via perturbation theory that, as Λ(t) is Hermitian and analytic, its eigenvalues and vectors are also analytic for real t [26] . This allows us to write the channel in its Kraus representation,
, where the Kraus operators are
for any choice of basis {|i }. The presence of the square root here is key. It results in the Kraus operators being continuous everywhere, and smooth everywhere apart possibly from individual points.
The final step in finding a dilation is solving
We are free to choose the initial ancilla state and so pick it to be ω = |0 0|, which gives as a solution
This provides a dilation where the dimension of the ancilla is R, which is upper bounded by d 2 , and is known to be the smallest sized ancilla which may be required. The dilation unitary has dimensions Rd × Rd and Eq.(2) constrains d of its columns. These can be thought of as forming d orthonormal vectors in an Rd dimensional space. As we also need to ensure that the dilation is unitary, we impose that U (t)U † (t) = I which is equivalent to requiring that the remaining d(R − 1) columns complete the orthonormal space. We prove in Appendix A that this can always be done in a smooth way whenever the M k (t) are smooth. The desired Hamiltonian satisfies the Schrödinger equation, and is therefore given by
It is worth noting that there is a large amount of non-uniqueness in constructing the dilation, originating from the non-uniqueness of the Kraus operators, the choice of the ancilla state, and the way in which the unitary is completed. This means that it is entirely possible to find a series of unitary dilations each of which is induced by a completely different Hamiltonian. The advantage of our method is that it provides a way of finding a dilation such that it is almost always smooth, as we show in detail below.
The Hamiltonian involves the derivative of U , which is continuous but in general not analytic in t, thus there is the possibility of it being discontinuous or divergent due to the behaviour of the derivative of λ(t). A careful analysis shows two potential problems. Firstly, M k (t) can be discontinuous (but always bounded) when λ k (t = 0) = 0. Secondly, it diverges when λ k (0) = 0 butλ k (0) = 0. These properties are inherited by the Hamiltonian, bar some accidental cancellation. The first case, where the Hamiltonian has a step change at some later time, corresponds to the Kraus rank of the channel decreasing at a single point in time. More interesting is the second case. The divergence of the dilation Hamiltonian at t = 0, is avoided if and only if the dissipative part of˙ (t = 0) vanishes (see Appendix B for proof). This gives the immediate corollary that all non-trivial time-independent Markovian channels lead to a divergent dilation. Such channels necessarily have that the survival probability of certain states decays linearly at short times. However, we know from the quantum Zeno effect that the survival probability of a state in any unitary system with a bounded Hamiltonian must go quadratically for short times [27] . This linear decay might be a signature of the unbounded system environment interaction, but often it is merely a consequence of approximations, like infinitely fast relaxation within the environment [13] , made in the derivation of the Master equation. In both cases, the divergence of the dilation is inherited from this and is an indicator of Markovianity.
Both the discontinuities and the divergence are, when they happen, benign. The divergence at t = 0 has only a finite impact on the dynamics as the dilation can always be picked such that U → I as t → 0. This implies that we can approximate the evolution arbitrarily well by replacing the exact Hamiltonian by a bounded one. In the case of bounded discontinuities, the Hamiltonian can also be arbitrarily well approximated by a continuous one. This leads to the following result:
For an analytic family of quantum channels acting on d dimensional states there always exists a continuous and bounded Hamiltonian acting on at most d 3 dimensional states such that the dynamics on the reduced system are arbitrarily well matched at all times.
The method we have just discussed works well, but it requires us to diagonalise the Choi state and, in the case that we are starting from an equation of motion, to calculate the channel. In practice, one or both of these may be very difficult to do analytically. Indeed, systems where these are hard to do are the ones we most want to find a dilation for and be able to simulate on a quantum computer, as they are precisely those which are difficult to simulate classically. We therefore present three alternate methods to construct dilations for complicated systems which rely on having found a dilation for a simpler system. The methods are: changing frames, separating into commuting parts, and perturbation theory. These are briefly explained here, and the details can be found in Appendix C.
Firstly, changing frames. If a system has a dilatioñ H AB in one frame, its dilation in a different frame, related by the unitary U 0 = e −iH0t , is given by
That is, the change of frame affects only the system and leaves the ancilla unchanged. Secondly, if a channel can be separated into commuting parts, then we can consider the parts acting one after the other. This means that the dilation can be decomposed as acting on separate ancillas, and the total Hamiltonian found by combining the dilations of the individual parts. Lastly, the effect of adding a small term to an existing channel can be found via perturbation theory. Here, standard results are used to calculate the correction to the channel and to diagonalise the Choi state. From this, corrections to the dilation can be calculated directly.
We demonstrate these methods and results by looking at specific examples of quantum channel acting on qubits which represent some of the key types of noise affecting current attempts to build a quantum computer [13, 28] . In many cases the resulting Hamiltonians are sufficiently simple to be directly experimentally realisable.
Consider the spin-boson model, where a single spin interacts with a bath of bosons via a constant Hamiltonian, such that the reduced dynamics are given bẏ
, where the decay rate is a function of time [29, 30] . Performing the steps outlined above, we find the dilation to be
such that the exact form depends on γ(t). For a typical spectral density we have that γ(0) = 0 and that, for certain values of t, it becomes negative. In such a case the channel is non-Markovian and the dilation is bounded and continuous for all times. In the case of constant γ, however, this is a Markovian dephasing Lindbladian which gives rise to the phase-flip channel, and whose dilation diverges at t = 0 as expected.
Compare both of these examples to the dilation for an amplitude damped system [17] . Here a non-degenerate, two-level system relaxes to its ground state in a process such as spontaneous emission. In this case the dilation is given by:
It is interesting to note that, although this has a very different physical origin to the dephasing channel, the time dependency is almost identical. The comparison highlights some of the most common features of dilations of simple systems. The Hamiltonian is strongest at t = 0 (possibly even diverging, as discussed previously), and the terms corresponding to decay fall to 0 for large t; which is to be expected for the system to settle to its steady state.
As a more involved example we consider the same system as above, but with the addition of a constant driving term, −iΩ[σ x , · ]. In this case the coherent and incoherent part of the evolution no longer commute, which makes a direct calculation of the exact dynamics difficult. Nevertheless, by taking the limit where the driving strength Ω is much smaller than the decay rate γ, we can use perturbative methods to find the dilation
where we have set ω 0 = 0 for simplicity. Unlike in the previous case, the Hermitian term in the original equation of motion is not simply inherited by the dilation Hamiltonian; there are two main differences from what we might have expected. Firstly, the driving term has gone from being constant to decaying in time. For large t it does this at same rate as H a.d. , which is necessary for the system to settle to a single fixed point. Secondly, we have the appearances of a third term, which is back action caused by dilating the control and it has a more complex structure in time, although it too decays at the same rate for large t. This term is caused by H a.d. (t) building up entanglement between the system and the ancilla. The emergence of complicated time structure induced by a simple control field is closely linked to the fact that Master equations are changed in a non-trivial way by the addition of a Hamiltonian acting on one subsystem [31] .
A more complex case involving a time dependent driving term, −iΩ cos(ωt)[σ x , ·], can also be dilated in a perturbative method. In this case we also make the Rotating Wave Approximation and, in the resonant case, the dila- The dilation for a qubit subjected to an amplitude damping Lindbladian and a resonant sinusoidal driving field is detailed in Eq. (7). We plot here the real part of the timedependent functions in that Hamiltonian with ω0/γ = 2.
Only one of the terms diverges at t = 0, while all the terms decay to 0 quickly at large times.
tion is:
where
The increase in complexity of the Hamiltonian is directly related to the timedependence of the original equation of motion, but the dilation could still be constructed which shows that this approaches is applicable to a wide range of problems.
As well as being useful in the single qubit case, these results can also be directly used in the case of a system of many qubits all subjected to independent channels. This leads to a superpolynomial speed up from what could be achieved classically. As an example take a system of N qubits each subject to its own Lindbladian. Using the method presented, the dilation can be calculated once classically and the dynamics of the entire system then simulated on a quantum computer using a maximum of 2N ancilla qubits and Hamiltonians that affect, at most, 3 qubits. Simulating this classically would require applying the quantum channel up to 2 N times for an initial state which is highly entangled or, equivalently, solving the dynamics of the complete channel which would have 2 N Kraus operators.
By rescaling time in a nonlinear way, some of these channels can even be dilated to constant Hamiltonians. In general, this is true whenever the dilation Hamiltonian is of the form H(t) = h(t)X such that it has a single time dependent factor. By rescaling the time we can apply a constant Hamiltonian H = h 0 X for time τ to simulate the real dynamics evolving for a time t where τ = 1 h0 t 0 h(t )dt . As h(t) is continuous and bounded, this is always well defined. In cases where there are several different time dependencies, this method can be used to remove one of them. This is particularly useful in eliminating divergences, which would otherwise be problematic to implement experimentally. It also has the advantage that, in many cases, the evolution for an infinite amount of time t can be simulated with a finite τ .
We have shown how a family of quantum channels which represent the time evolution of a system can be dilated to a time-dependent Hamiltonian acting on the system and a finite ancilla. The most direct application of this work is to simulate the dynamics of open quantum systems on a unitary quantum computer. The method introduced here has the significant advantage of modelling the evolution continuously through time rather than providing only a snapshot in time. Such a continuous dilation in particular permits the continuous monitoring of the dynamics via weak measurements [32] , and the small ancilla space required allows experimental implementation with state of the art techniques.
In our approach, the complexity of open system dynamics is condensed in the time-dependent system environment interaction; whereas in natural systems, and in prior approaches to simulating the dynamics of open systems, the complexity resides in the dynamics of the infinitely large environment. These two perspectives can be understood as the two ends of the spectrum of quantum simulations. Since any time-dependence can be understood as originating from the dynamics of an additional system (fundamentally all interactions are time-independent), our approach suggests very clearly how to access the entire spectrum: expand the ancilla system while gradually reducing the time-dependence of the interaction. Such a continuous variation will give valuable insight, for example in the controllability of open quantum dynamics as seen in Eqs. (6) and (7) . There the back action of an external control caused by the environment interaction makes itself transparent, whereas such effects are extremely hard to unravel in a model based on an infinitely large environment. The suggested transition would allow the study of this back-action in its entire range of manifestations, opening up a completely new angle on the investigation of control on open quantum systems. This, in turn, fosters our endeavours in the struggle against decoherence and the realisation of working quantum technologies.
In order to find a Hamiltonian for a dilation, we first have to find the corresponding unitary. As noted in Eq.(2), this unitary satisfies
We show that it is always possible to find a solution for U (t) which is smooth whenever the M k (t) are smooth.
The first condition constrains d columns of the unitary as being orthonormal vectors and the second condition requires us to pick the remaining d(R − 1) columns such that they form a complete orthonormal set. At t = 0 we use Gram-Schmidt from an arbitrary basis such that the none of the d(R − 1) columns are 0 [33] . In order to ensure at later times that these extra columns vary continuously in time we use the vectors at t as a basis for Gram-Schmidt at t + δt. Let the columns of U (t) be expressed as the Rd vectors |v n (t) . At time t + δt the first d of these vectors are transformed according to the change of the Kraus operators. They are still orthonormal to each other, but no longer orthogonal to the other R(d − 1) vectors. Using Gram-Schmidt, we update the d + 1 vector by first calculating:
v d+1 (t)|v n (t + δt) |v n (t + δt) .
For n ≤ d we can also write |v n (t + δt) = |v n (t) + δt |∆ n (t) + O(δt 2 ) (A3) whenever the |v n (t) are a smooth function of t, that is, whenever the M k (t) are smooth. This enables us to rewrite Eq.(A2) as
δt v d+1 (t)|∆ n (t) |v n (t + δt) + O(δt 2 ) due to the orthogonality at t. This explicitly shows that |v d+1 (t) is a smooth function of t. From this we can easily obtain the normalised vector |v d+1 (t + δt) = |v d+1 (t)
+ δt n=d n=1
Re ( v d+1 (t)|∆ n (t) v d+1 (t)|v n (t + δt) ) |v d+1 (t)
− δt which is also a smooth function of t whenever the M k (t) are smooth. By induction, we see that this is true for all |v(t) and all t. Hence we can always construct a unitary which is smooth whenever the Kraus operators are smooth.
